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Abstract
This study proposes a novel method of local phase velocimetry based on the spatio-temporal gradient analysis. Structural ﬂaws
such as sub-surface delamination, corrosion and fatigue cracks represent changes in eﬀective thickness and local properties of ma-
terials, and therefore, measurement of phase velocity changes in elastic wave propagation can be employed to assess the integrity
of material structures. Due to the dispersive character of the A0-mode Lamb wave, the phase velocity of Lamb wave is varied
depends on the thickness of the plate. Hence, a measure of the local phase velocity of the A0-Lamb wave yields a measure of the
sub-surface delaminations of the plate. Theoretical analysis and several numerical experiments show the principle of the proposed
method in this paper.
c© 2015 The Authors. Published by Elsevier B.V.
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1. Introduction
Sub-surface delamination is a separation of adjacent sub-surface laminate without any obvious visual evidence
on the surface. Most common failure in composite laminates is sub-surface delamination which is diﬃcult to be
detected and characterized. As the use of composite laminates has been increasing in structures, the location and
identiﬁcation of damage in such kind of materials is currently a topic of considerable interest and many techniques
are being de- veloped and applied in this area. Recent studies showed that the elastic guided wave have the ability to
travel along the structures without loss of energy [1]. This remarkable characteristic of guided wave is advantageous
for non-destructive inspection of structures. This paper focuses on traveling of A0-mode Lamb wave. The A0-mode
Lamb wave is sensitive to the delamination at all through thickness locations[2]. In addition, A0-mode Lamb wave
has shorter wavelength than that of S0-mode at the same frequency and thats why it is potentially more sensitive to
delamination damage. Because of this sensitivity, A0-mode Lamb wave measurement has been utilized as one of the
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promising structural health monitoring technique for detecting hidden damage in composites[3]. Beside this above
merit, the variation of phase velocity cause diﬃculties in interpretation of observed signals. Therefore, it is important
to establish the delamination detection criterion independent of local wave numbers.
The aim of this paper is to propose a local phase velocimetry based on the analysis of the spatio-temporal gradient
constraint equation which governs the propagation of A0-mode Lamb wave. The spatio-temporal gradient analysis
is based on the constraint equation relating the spatial gradient to the temporal derivative for a moving object. When
the Lamb wave propagates across the delaminated region, the phase velocity of A0-mode Lamb wave is drastically
varied. Therefore, the proposed local velocimetry has an ability to detect the delamination in the structure.
This paper is organized as follows. We simplify the problem of the measuring phase velocity of a propagating
Lamb-wave in a plate including a sub-surface delamination in Sec.2. The details of the numerical investigations are
given in Sec.3. Section 4 presents the results of experimental veriﬁcation of the ability of the local phase velocimetry.
2. Problem Formulation
Assuming single non-directional narrow-band sound source at the origin on the plate, the normal displacement,
f (x, y, t), caused by the A0-mode Lamb wave ﬁeld can be approximated at the point, (x, y) which exists on the surface
in the far-ﬁeld as follows:
f (x, y, t) =
1
(x2 + y2)1/4
w(t −
√
x2 + y2
v(ω0)
). (1)
Here, w(t) denotes the narrow-band transmitted signal:
w(t) =
∫ ω0+Δω
ω0−Δω
A(ω)e jωtdω. (2)
The phase velocity of the Lamb-wave, v(ω0), is assumed to be constant within the band, (ω0 − Δω,ω0 + Δω), where
ω0 is the center frequency of the band. The above far-ﬁeld condition is deﬁned as follows:
ω0
√
x2 + y2
v(ω0)
>> 1. (3)
The vertical component of the particle velocity at (x, y) can be obtained by diﬀerentiating f (x, y, t) for time as:
ft(x, y, t) =
∂
∂t
f (x, y, t) =
1
(x2 + y2)1/4
w˙(t −
√
x2 + y2
v(ω0)
). (4)
Here, w˙(t) is the time-diﬀerential of w(t) denoted as:
w˙(t) =
∫ ω0+Δω
ω0−Δω
jωA(ω)e jωtdω (5)
Orthogonal pair of out-of-plane shear strains are derived by spatial diﬀerentiation as follows:
∂
∂x
f (x, y, t) = − x
v(ω0)(x2 + y2)3/4
w˙(t −
√
x2 + y2
v(ω0)
) − x
2(x2 + y2)5/4
w(t −
√
x2 + y2
v(ω0)
) (6)
∂
∂y
f (x, y, t) = − y
v(ω0)(x2 + y2)3/4
w˙(t −
√
x2 + y2
v(ω0)
) − y
2(x2 + y2)5/4
w(t −
√
x2 + y2
v(ω0)
) (7)
Substituting the far-ﬁeld condition, eq.(3), into (6) and (7), we can approximate the pair of shearing strains as follows:
fx(x, y, t) = − xv(ω0)(x2 + y2)3/4 w˙(t −
√
x2 + y2
v(ω0)
) (8)
fy(x, y, t) = − yv(ω0)(x2 + y2)3/4 w˙(t −
√
x2 + y2
v(ω0)
) (9)
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Thereupon, when unique plane wave propagates on the plate, it is clear from the above equations (8) and(9), that the
orthogonal pair of out-of-plane strains are linearly dependent on the corresponding normal-particle velocities, which
is denoted in eq.(4).
Focusing on the auto and cross correlations for temporal and spatial gradients, following relations are obtained :
φtt(x, y) = lim
T→∞
1
T
∫
ft(x, y, t) f ∗t (x, y, t)dt, (10)
φxx(x, y) = lim
T→∞
1
T
∫
fx(x, y, t) f ∗x (x, y, t)dt =
x2
v2(ω0)(x2 + y2)
φtt(x, y), (11)
φyy(x, y) = lim
T→∞
1
T
∫
fx(x, y, t) f ∗x (x, y, t)dt =
y2
v2(ω0)(x2 + y2)
φtt(x, y), (12)
φxt(x, y) = lim
T→∞
1
T
∫
fx(x, y, t) f ∗t (x, y, t)dt =
−x
v(ω0)
√
x2 + y2
φtt(x, y), (13)
φyt(x, y) = lim
T→∞
1
T
∫
fx(x, y, t) f ∗t (x, y, t)dt =
−y
v(ω0)
√
x2 + y2
φtt(x, y). (14)
Therefore, the local phase velocity at (x, y) can be obtained by the following equation as:
v(ω0) = −
√
x2 + y2φxt(x, y)φyt(x, y)
xφxx(x, y)φyt(x, y) + yφyy(x, y)φxt(x, y)
(15)
3. Numerical Experiments
3.1. Numerical model
A 3D elastic CIP method is used to simulate an two-layers isotropic laminate with a delamination [4, 5, 6]. A
schematic diagram of the numerical model used in the elastic CIP simulation is shown in Fig.1(a)and (b). Table 1
shows the elastic constants and geometrical speciﬁcations which are used in the numerical experiments.
3.2. Local phase velocimetry
In the numerical experiments, the material is considered to be two-layered carbon steel plate (S45C) as shown
in Fig.1. The ﬁgures 2 (a) and (b) show the vertical component of the particle velocity on the cross section of the
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Fig. 1. (a) A schematic diagram and (b) stress free boundaries of the numerical model
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Table 1. Elastic constants and geometrical speciﬁcations of numerical model
density Young’s modulus Poisson ratio
ρ[103kg/m3] E [GPa] σ
7.8 206 0.27
geometry sampling interval
length [mm] height [mm] width [mm] Δx[mm] Δy[mm] Δz[mm] Δt[ns]
75.0 6.0 2.0 0.15 0.15 0.05 30.0
center frequency of incident signal
f0 [kHz]
200
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Fig. 2. (a) A cross sectional distribution of vertical particle velocity, (b) a phase velocity distribution over the surface along A-B.
specimen and, corresponding phase velocity of the Lamb-wave ﬁeld on the surface. The major wave fronts yield the
phase velocity to be 2600.0 m/s, which corresponds to the phase velocity of A0-mode Lamb wave which is propagating
on the S45C steel plate with 2 mm in thickness. On the delamination region, the phase velocity is decreased to be
2000.0 m/s. This result coincides with the dispersive characteristics of the A0 mode Lamb wave.
4. Concluding Remarks
This paper proposes a local phase velocimetry and presents simple digital signal processing algorithm that charac-
terizes the Lamb wave ﬁeld over the multilayer material. For measurement of the local phase velocity, spatio-temporal
gradient analysis based on the linear dependency among the vertical displacement, the vertical particle velocity, and a
pair of shear strains is used. By analyzing the orthogonal pair of out-of-surface strains and vertical particle velocities,
it is found that the local phase velocity of the Lamb wave is reduced within the delaminated region.
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